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Abstract 

In this paper, we study a tensor product of perfect Kirillov-Reshetikhin 
crystals (KR crystals, for short) whose levels are not necessarily equal. 
We show that, by tensoring with a certain highest weight element, such a 
crystal becomes isomorphic as full subgraphs to a certain disjoint union of 
Demazure crystals contained in a tensor product of highest weight crys- 
tals. Moreover, we show that this isomorphism preserves their Z-gradings, 
where the Z-grading on the tensor product of KR crystals is given by the 
energy function, and that on the other side is given by the minus of the 
action of the degree operator. 

1 Introduction 

Crystal bases B{A) introduced by Kashiwara [13] can be viewed as bases at 
q = of highest weight modules ^{A) of the quantized enveloping algebra Uq{g) 
associated with a Kac-Moody Lie algebra g. Crystal bases reflect the internal 
structures of the modules, and are powerful combinatorial tools for studying 
them. 

Crystal bases are also useful for studying certain subspaces of V^(A). For a 
Weyl group element w, the Demazure module Vw{A), which is a module of a 
Borel subalgebra, is defined by the submodule of V{A) generated by the extremal 
weight space V(A)i„a- Kashiwara showed in [T3] that there exists a certain 
subset i?m(A) C -B(A) which is, in a suitable sense, a crystal basis of 14)(A). 
The subset -Bu)(A) is called the Demazure crystal. Using the Demazure crystals, 
he gave a new proof of the character formula for Demazure modules, which 
expresses the character using the Demazure operators (see [Ilj or Subsection [3] 
of the present article). 

When is an affine Kac-Moody Lie algebra, there is another class of modules 
having crystal bases called Kirillov-Reshetikhin modules W^''^ (KR modules for 
short), where r is a node in the classical Dynkin diagram and s is a positive 
integer. KR modules are finite-dimensional irreducible C/^(0)-modules, where 
U^(g) is a quantum affine algebra without the degree operator. At least when g is 
nonexceptional, it was proved that every W^''^ has a crystal basis i3'"'*[T21[lll[2S], 
which is called the Kirillov-Reshetikhin (KR) crystal. 

Demazure crystals and KR crystals are known to have strong relations, and 
the study of the relationship between them has been the subject of many articles. 
For example, see [1 [H [H [H [H US] ■ 

Among these articles, [55] by Schilling and Tingley is quite important for 
the present article. In the article, they studied a tensor product of perfect 



KR crystals for nonexceptional g whose levels are all the same (perfectness 
is a technical condition for a finite C/^(0)-crystal which allows one to use the 
crystal to construct highest weight crystals, see [TT] or Subsection 15.21 of the 
present article). They proved that, by tensoring with a certain highest weight 
element, such a crystal becomes isomorphic to a certain Demazure crystal as 
full subgraphs. Moreover, they also showed that this isomorphism preserves 
their Z-gradings. Here, the tensor product of perfect KR crystals are Z-graded 
by the energy function, which is a certain Z-function defined in a combinatorial 
way, and the Z-grading of Demazure crystal is given by the minus of the action 
of the degree operator. Since the Demazure crystal has a character formula as 
stated above, these results imply that the weight sum with the energy function 
of the tensor product of perfect KR crystals (with same levels) can be expressed 
by the Demazure character formula. 

The aim of this article is to generalize the above results to a tensor product 
of perfect KR crystals whose levels are not necessarily equal. In this case, the 
tensor product of perfect KR crystals, tensored with a highest weight element, 
is no longer isomorphic to a single Demazure crystal. We show in this article, 
however, that it is isomorphic to a certain disjoint union of Demazure crys- 
tals contained in a tensor product of _B(A)'s, and that this isomorphism also 
preserves their Z-gradings. 

Before stating our results, we prepare some notation. For a crystal B and a 
Dynkin diagram automorphism t, we define a new crystal f{B) = {f{b) \ b G B} 
whose weight function is wt(f (6)) = r(wt(5)) and Kashiwara operators are 

e,f{b) = f (e^-i(j)6), f,f{b) = f (/^-i(i)6). 

Let 5 be a subset of a crystal B, w a. Weyl group element with a reduced 
expression w = Si^. • • • s^^ and r a Dynkin automorphism. We denote by TwriS) 
the subset of f(_B) defined by 

-^-(^)= U n^-'-fn^S). 

Ju---Jk>0 

(All the subsets J-wt{S) appearing in this article do not depend on the choices 
of the expressions oi w.) For a dominant integral weight A, we denote by ua 
the highest weight element of B{K). 

Now we state our results. Assume that g is a nonexceptional affine Kac- 
Moody Lie algebra, and let B'^i'^'-iSi, . . . , s""? be perfect KR crystals. Here, 
Cr is a particular constant which ensures the perfectness for the KR crystal 
]^r,crs ^ We assume si < S2 < ■ ■ • < Sp, and put /ij — Cr^woi'cUrj) for I < j < p, 
where wq is the longest element of the Weyl group of the simple Lie subalgebra 
00 ^ whose simple roots are the nodes of the classical Dynkin diagram, and 
TUrj is the fundamental weight of go- Then the following theorem is proved, 
which is the main theorem of the present paper (Theorem 17. ip : 

Theorem 1.1. There exists an isomorphism 

^•^i^P (w(.p-Sp_i)Ao -^t^, {u{s2-s^)Ao ® J't^, ("^lAo)) ' ' ' ) 

of full subgraphs, where denotes the translation and Ao denotes the funda- 
mental weight of q. Moreover, this isomorphism preserves the 1,-gradings up to 
a shift. 
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Using the combinatorial excellent filtration theorem [201 IS]) it is easy to 
see that the right hand side of the above isomorphism is a disjoint union of 
Demazure crystals. 

Let B = B^'p'^'-P^'p (g) . . . (g) Bri,crj^si^ Similarly as a Demazure crystal, the 
weight sum of the right hand side also can be expressed using Demazure oper- 
ators. Hence we obtain the following corollary (Corollary 17. 2p : 

Corollary 1.2. Let aff : Pel ^ P denote the canonical section of the projection 
from affine weight lattice P to the classical weight lattice Pel- Then we have 

gSpAo+C5 ^ ^a.Sowt{b)-5D{b) 
beB 




for some constant C , where Dt^ is the Demazure operator associated with t^^ 
(see Section^. 

Let X{B, fi, q) denote the one-dimensional configuration sum [5 , 6 associated 
with the crystal B and a dominant integral weight /i of go- Then the above 
corollary is equivalent to the following (Corollary [73]): 

Corollary 1.3. Let be the set of dominant integral weights of Qq and 
chVgg{^) the character of the irreducible module of Qq with highest weight ^. 
Then we have 

J2 X{B,ti,q)chVM 

= e-'^^°Dt^^ (^^(s^-s,-^)Ko . . . jj^^^ |^g(a2-ai)Ao . ^^^^ [e'^^°)^ . . . j , 

where we set q = e^^ . 

Corollary 11.31 has an important application (and in fact this is the main 
motivation of this work). The X = M conjecture presented in [51 [5] asserts 
that a one-dimensional configuration sum is equal to a fermionic form which 
is defined as a generating function of some combinatorial objects called rigged 
configurations. In it is proved that when q is of type An\Dn'' or eI^ \ the 
fermionic forms also satisfy a similar equation as in Corollarv ll.3l Then we can 
prove the X — M conjecture in the cases q — from these equations 

(for details see [23]). 

The plan of this article is as follows. In Section 2, we fix basic notation used 
in the article. In Section 3, we briefly review the definition of crystals, and in 
Section 4, we review the results on Demazure crystals. In Section 5, we review 
the results on KR crystals, and construct the isomorphism in Theorem 11.11 In 
Section 6, we review the definition and some results on the energy functions, 
and finally in Section 7, we show that the isomorphism constructed in Section 
5 preserves the Z-gradings, which completes the proof of Theorcm ll.il 
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for some helpful comments, and A. Schilling for sending him her preprint. 



3 



2 Notation and basics 



2.1 AfRne Kac-Moody Lie algebra 

Let g be a complex afSne Kac-Moody Lie algebra with Cartan subalgebra t), 
Dynkin node set / — {0, . . . ,n}, Dynkin diagram F and Cartan matrix A — 
In this article, we use the Kac's labeling of nodes of Dynkin diagrams 
in [21 Section 4.8]. Let ai G f)* and G f) (i G /) be the simple roots and the 
simple coroots respectively, and A C ()* the root system of g. Let (ap, . . . , a„) 
(resp. (oq , . . . , a^)) be the unique sequence of relatively prime positive integers 
satisfying 

UijUj = for alH G / (resp. a^a^ = for all j G /). 

jei iei 

Let d G f) be the degree operator, which is any element satisfying (a^, d) ~ Soi for 
i e I, K ~ ^/q^/ G f) the canonical central element, S — J^iei '^i'^i ^ ^* 

the null root, and W the Weyl group of g with simple reflections {si | i G /}. In 
this article, we fix an arbitrary positive integer N, and define the weight lattice 
of g by 

P = {A G [)* I (A, a^) G Z (i G /), (A, d) G N-^Z}. (1) 

(In the next subsection, we impose some condition on N so that P is preserved 
by the action of the extended affine Weyl group W.) Put P+ = {A G P | 
(A, a^) G Z>o {i G /)}, and let G P+ {i G /) be any element satisfying 

{A,,a'^) = Sij for j G /. 

(Note that we do not assume (A^, d) =0.) Then we have P+ — J^iei '^>oM + 
N^'^-ZS. For A G P, we call the integer (A, K) the level of A, and for £ G Z 
we denote P^ = {A G P | (A, if) = £}. Let ( , ) be a W^-invariant symmetric 
bilinear form on [)* satisfying 

{ai,aj) = a(a^^aij for i,j G /, (aj,Ao) = ^oiflo^ for i G /. 

Let cl: [}* — > [)*/C(5 be the canonical projection, and put Pd = cl(P), = 

cl(P+), P^^i = cl(P^) for £ G Z and {P+f = P+ n P^^j. Since W fixes (5, acts 

on [)*/C(5 and Pd. For i G /, define rui G P^ by = cl(Aj) - a/cl(Ao). Note 
that tuo = and Wi for « G / \ {0} satisfies 

(wj, aj) = 6ij for j G / \ {0}, (ro^, q;q ) = -a^. 

We define aff : [)*/C(5 — > [)* by the unique section of cl satisfying (aff (A), d) = 
for all A G f)*/C(5. When no confusion is possible, we omit the notation cl(*) for 
simplicity. In particular, we often write cl(Ai) and c\{ai) simply as A^ and a^. 

Let Iq ^ I \ {0} and go Q g the simple Lie subalgebra whose Dynkin node 
set is Jo with Cartan subalgebra f}o ^ f) and Weyl group Wo C W. Let zuj G tlo 
(j G /q) be the unique element satisfying 

{ai,w^) = Si-j for i G /q, 

which also satisfies 

{ao,TUj) = -flj/ao. (2) 
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For the notational convenience, we put zuq = 0. Denote by wq the longest 
element of Wq. We canonically identify P°i with the weight lattice of go- 

The bilinear form ( , ) induces a bilinear form on P^Pj, which is also denoted 
by ( , ). Then we have 

(A, nji) = a^a:[^{X,-cu]') (3) 

for i e / and A £ P^^. 

2.2 Dynkin automorphisms and the extended afRne Weyl 
group 

Let Aut (r) be the group of automorphisms of the Dynkin diagram F, that is, 
the group of permutations t of / satisfying = aT-(j)^(j) for all i,j G /. Then 
T e Aut (F) satisfies 

a7.(,;) — tti and a^^j-j = for all i e I. (4) 
As [HI (6.5.2)], we define for A G P^^J an cndomorphism tx of f)* by 

txifi) = ^ + (M,i^)aff(A) - ((M,aff(A)) + i(aff(A), aff(A)) (/i, i^))<5. (5) 

The map X i-^ t\ defines an injective group homomorphism from P^Pj to the 
group of automorphisms of [}* orthogonal with respect to ( , ). 

Let Ci — max(l, ai/a() for i £ Iq, and define sublattices M and M of P"j by 

M= ^ Zw c\{ao/ao), M = ^Zc^w^. 
Let T{M) and T{M) be the subgroups of GL(I)*) defined by 

T{M) ^{tx\Xe M}, t(m) = {iA I a e M}. 

It is known that 9, Proposition 6.5] 

W^WqK T{M). 
Define the subgroup W of GL(f)*) by 

W ^WoK t(m), 

which is called the extended affme Weyl group. The action of W preserves A, 
and elements w G Wq and A G M satisfy 

wtxw~^ = t^(x)- 

In the sequel, we assume that the positive integer iV in IT} satisfies 

(aff(A), aff (A)) /2 G iV^^Z for aU A G M, (6) 
which ensures that W preserves P. 
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Let C C f)^ = M (g)^ P be the fundamental chamber (i.e. C = {A S f)^ | 
(A, ai) > for ah i £ /}), and let S C be the subgroup eonsisting of elements 
preserving C. Then we have 

W xiT,. 

Note that an element w € W belongs to S if and only if w preserves the set 
of simple roots {ao, . . . ,a„}. Hence r G S induces a permutation of / (also 
denoted by r) by T{ai) = a7-(i)i which belongs to Aut (F) since ( , ) is r- 
invariant. By abuse of notation, we denote by S both the subgroup of W and 
the subgroup of Aut (F). 

We describe E C Aut (F) explicitly. A node « G / is called a special node if 
i e Aut (F) • 0. Let /^^ C / be the set of special nodes. for nonexceptional g 
are as follows: 

'{0,l,...,n} bTAi^\ 
{0,1} forpW, 
{0,n} bTCi'\D'^l„ 
{0,l,n-l,n} forL>i^\ 



[m for a: 



(2) 
2n ■ 



(2) ■ 

Assume i £ P \ {0} (in particular q ^ )j ^^'^ define r* G by 

where Wi denotes the unique element of Wq which maps the simple system 
{ai, a2, . . . , a„} of go to {—0, ai, . . . , Oi, . . . , a„} with 9 ^ 5 — G A. For 
i = 0, we put r° = id. The following proposition is well-known, but we give the 
proof for completeness: 

Proposition 2.1. (i) For all i G I" , r* belongs to S. 

(ii) The map P ^ T, defined by i t-^ is bijective. 

(iii) If T eTi satisfies r(i) — 0, then we have t ~ {t'')~^ . 

(2) ' — 

Proof. If is of type A^J^ , then = {0} and M = M, which obviously im- 
ply the assertions. So, assume g is not of this type, (i) Recall that Wi maps 
{«!, a2, . . . , ttn} to {— 0, ai, . . . , Oi, . . . , a„}. Then Wi{—9) = ai also holds, 
and hence it is easily checked from the equation ([S]) that — t-^^wi pre- 
serves the set {q;o, ■ • ■ , ctn}, which implies r* belongs to E. (ii) The injectivity 
is obvious. Let r G E \ {id} be an arbitrary element, and decompose it as 
r — tx^Wr where A,- G Af and Wr G Wq. Since t\^ acts trivially on P^^, we have 
Wr(cl(Q;j)) = cl(Q!T-(j)) for j G /, which implies Wr — li'^(o)- Then since 

tx^{aj) = tw7^(qj) = aj - (5j,r(o)<5 for j G /q, 

^ forces Xr = ^^r(o)i ^ird the surjectivity follows. From the proof of (ii), we 
see that t(0) = i implies t — t\ Hence, the assertion (iii) follows. □ 

Here, we describe for i E I'^ \ {0} explicitly. 
ArP: T^{j) — j + i mod n + 1 for all j G /. 

CL'\ 41i: r"(j) ^n-j for all j G /. 
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D^n \ n odd: ri = (0, l)(n - 1, n), 

t"-1(0, l,n- l,n) = (n- 1,0), T"-i(j) = n- j for j e I\r, 

r"(0, 1, rj — 1, n) = {n,n — 1, 0, 1), T"(j) = n — j for j E I \ /•'. -DI^'', n even: 

rl = (0, 1) (77. - 1, 77), 

r"-i(0, l,n- l,n) = (n- l,n,0,l), T"-i(j) = n - j for j Gl\P, 
r"(0, 1, n - 1, n) = (n, n - 1, 1, 0), r"(i) = n - j for j e / \ 7^ 

In the sequel, we assume that the fundamental weights Aq, . . . , A„ are chosen 
to satisfy t(Aj) ~ ^T(j) for all r G S and j € /. This is always possible by 
choosing Kj arbitrarily for representatives of J/S and setting A^q) — T(Aj) for 
r e S. Then each element r G Aut (F) acts on P by r(Ai) = A^-fj) and t{5) = 5. 

3 Definition of crystals 

Let C/q(fl) be the quantum afRnc algebra associated with g and U^{q) the one 
without the degree operator. The weight lattices of Uq{Q) and ?7^(0) arc P and 
Pel respectively. 

A t/q(fl)-crystal (rcsp. C/^(g)-crystal) is by definition a set B equipped with 
weight function wt: B — > P (resp. wt: i? — Pel) and Kashiwara operators 
Ci, fi'. B ^ B U {0} for i G 7 satisfying 

wt(ei&) = wt(6) + ai and fi{eib) = b iov all i G I,b £ B such that eib ^ 0, 
wt{fib) = wt(6) — ai and ei{fib) = b for all i G I,b £ B such that fib ^ 0, 

and {wt{b),ai) = (pi{b) — ei{b) where 

ei{b) = max{fc > | e'^b ^ 0}, ipi{b) = max{fc > | ^ 0}. 

In this article, we always assume that ei{b) < oo and (pi{b) < oo. We call B a 
crystal if B is either a J7g(g)-crystal or a J7q(0)-crystal. 

Remark 3.1. A t/g(5)- crystal B can be regarded naturally as a i7^(0)-crystal 
by replacing the weight function wt : P — >■ P by cl o wt : P — )■ Pei. 

For two crystals Pi and P2, their tensor product Pi (8) P2 = {61 ® 62 | &i € 
Pi, 62 € P2} is defined with weight function wt(6i (8> 62) = wt(6i) + wt(62) and 
Kashiwara operators 



ei{bi (g) 62) 



/i(6i (8)62) = 



Cibi (g) 62 if y^i{bi) > ei{b2), 

^bi (g) eib2 if ipi{bi) < £,(62), 

fibi (g) 62 if ipi{bi) > £,(62), 

bi (g) fib2 if ipi{bi) < £,(62). 



For crystals Pi,P2 and their subsets Si C Bi, S2 Q B2, we say S'l and ^2 
are isomorphic as full subgraphs and write S'l = ^2 if there exists a bijection 
* from Si U {0} to S2 U {0} satisfying ^-(0) = 0, wt*(b) = wt(&) for b S S'l, 
*(ei6) = e,*(&) for 6 G S'l such that eib G S'l U {0}, and ^{fib) = fi^{b) for 
6 G S'l such that fib G S'l U {0}. 
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For a crystal B and t G Aut (F), we define a crystal t{B) as follows: as a 
set t{B) = {t(6) I b £ B} = B. Its weight function and Kashiwara operators 
are defined by 

wt(?(fo)) = T(wt(6)) and (7) 
eif(6) = T(e^-i(i)6), fiT{b) = T{fr-i(i)b), 
where t(0) is understood as 0. Obviously we have 

t{Bi®B2) ^t{Bi)®t{B2) 

for two crystals Bi and i?2- For a subset S C B, a. subset t{S) C r(i?) is defined 
in the obvious way. 

For J C /, we denote by Uq{gj) the subalgebra of whose simple roots 

are J. If J = /o, we write Uq{Qo) = Uq{Qig). f7g(gj)-crystals are defined in a 
similar way. For a crystal B and a proper subset J of /, a connected component 
of i? regarded as a f/g (gj )-crystal is called a Uq{Qj)- component of B. 

Definition 3.2 ( 1 ). We say a crystal B is regular if for every proper subset J 
of /, B regarded as a C/g(0j)-crystal is isomorphic to a direct sum of the crystal 
bases of integrable highest weight C/g(gj)-modules. 

Let J C I. For a crystal B, we say that & G i? is Uq{Qj) -highest weight if 
Cjb = for all j G J. For a proper subset J of / and a regular crystal B, every 
f^i3(0j)-component of i? contains a unique [/g(0j)-highest weight element. 

By [15], the actions of simple refiections on a regular crystal B defined by 



if(wt(6),ar)>0, 
g-(wt(6),ar)^ if (wt(6),ar) <0 



are extended to the action of W denoted by w Sw For every w £ W and 
b € B, we have wt(S'^(&)) = w(wt(6)). 



4 Demazure crystals 

For a subset S* of a crystal B and i G /, we define = | 6 G 5, fc > 

0}\{0}ci?. 

For A G , let F(A) denote the integrable highest weight t/g(g)-module 
with highest weight A, and B{A) its crystal basis with highest weight element 
WA- Let w be an element of W and w = Si^Si^_-^ • • • s^j its reduced expression. 
Then it is known that the subset 

B^{A) = T.,,J^,,_, ■ ■ ■ T.,,{ua} C B(A) 

is independent of the choice of the reduced expression of w [M] . 

Definition 4.1. The subset Bw{A) of B{A) is called the Demazure crystal 
associated with A and w. 

Remark 4.2. Let b be a Borel subalgebra of g and Uq{b) C /7g(g) the corre- 
sponding quantized enveloping algebra. The Demazure module Vu, (A) is defined 
by the C/q(b)-submodule of V(A) generated by the weight space F(A)t„(A)- The 
Demazure crystal i?u,(A) is known to be, in a suitable sense, the crystal basis 
of Ko(A) |14| . which is why it is named Demazure crystal. 
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For a subset S* of a crystal and w G W with a reduced expression w — 
Sjfc'-'Sij, we write J-'wS — Ti^---Ti^S if it is well-defined. For example, 

Lemma 4.3. Let A e and w eW. 

(i) tB^{A) = B,,„,-i(r(A)) for r G Aut (F). 

(ii) For i G I , we have 

' '"^ \S...,(A) */^(s.u;)=£H + l, 
where I denotes the length function. 

(iii) For every w' G W, J^w'Bw{A) is well-defined, and Fu]'Bw{A) = Byjii{K) for 
some w" € W . 

Proof Since tB{A) ^ B{t{A)) and riTiS) = J^r(i)T{S) for every S C B{A), (i) 
follows. When £{siw) = £{w) + 1, ([5]) follows by definition, and when £{siw) = 
£{w) — 1, ^ follows since 

J^^B^A) = J-,(J-,S,,^(A)) = J'»S,,^(A) = B^{A). 

Hence (ii) follows. To see that J-w'Bw{A) is well-defined, it suffices to show 
the operators Ti on Demazure crystals satisfy braid relations: if the order 
of SiSj for i,j G I [i ^ j) is m < oo, then we have J^iJ-jJ-i---Bw{A) — 

" V ' 

m 

J-jJ-iJ-j ■ ■ ■ B-u}(A). Since the element SiSjSi ■ ■ ■ — SjSiSj • • • is the longest el- 

m m m 

ement of Wi j = {si,Sj) C W, (ii) implies TiTjFi ■ ■ ■ B^iA) = Bw»{A) = 

" V ' 

m 

TjTiTj ■ ■ ■ B^{A) where w" is the unique element of the set {aw \ a G Wi j} 

V ' 

m 

whose length is maximal. Hence the assertion follows. The second statement of 
(iii) is obvious from (ii). □ 

For w GW and r G Aut (F), we write T^t = J'wT and B.wt{A) = Bw{t{A)'^ 
for the notational convenience. The following proposition is immediate from 
Lemma 14.31 

Proposition 4.4. For every A G P^ and w, w' G W, there exists w" G W such 
that 

F^,B^{A) = B^„{A). 

Let C[P] denote the group algebra of P with basis e^ (A G P), and define 
for i G I a, linear operator Di on C[P] by 

called the Demazure operator, where Si acts on C[P] by Si{e^) — e**^"^^. Note 
that Di{f) — f ii f is Si-invariant. From this, it is easily checked that — Di. 

For every reduced expression w = Si^ ■ • ■ Si^ of w G W, the operator D^ — 
Di^ ■ ■ ■ Di^ on C[P] is independent of the choice of the decomposition [TJ. The 
weight sum of a Demazure crystal is known to be expressed using Demazure 
operators: 
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Theorem 4.5. [TT For A G P+ and w G W , we have 

6es„(A) 

For w € W and r G S, we define an operator on C[P] by D^,,- = D^ot, 
where t acts on C[P] by T(e^) = e'^*^^-'. 

Corollary _4.6. Let S be a disjoint union of Demazure crystals and i £ I . For 
every w £ W we have 

e-'W =D„Y^e-*Wy (9) 

Proof. We may assume that S' is a single Demazure crystal, say S = Byji (A). By 
Proposition 14. 4[ it suffices to show the assertion for w = r G S and w = Si for 
i G /. When w = t G S, the assertion is obvious from ([T]). Assume that w — Si. 
If £{siw') — £{w') + 1, then jFiByji{h.) = Bg^w'i-^) and the assertion follows from 
TheoremSH If e{s,w') = e{w') - 1, then we have J;B^'(A) = B^,{A). On the 
other hand, we have 




gwt(6) ^ gwt(b) 



E 



since the weight sum 



pWt(6) 

6GS„,(A) \''6-B,.„,(A) 

is s,-invariant. Hence the assertion follows. □ 



It is known that B{A) (E) B{A') for A, A' G is isomorphic to a direct sum 
of the crystal bases of integrable highest weight modules, that is, 

B(A)®i?(A') = 0i?(A), (10) 

where T is a possibly infinite multiset of elements of P^ . The following theorem, 
which was proved in [20, Proposition 12] and ^ Theorem 2.11], is known as the 
combinatorial excellent filtration theorem: 

Theorem 4.7. The image of the subset ua (g) Byj{A') of B{A) ® B{A') under 
the isomorphism B{A) ® B{A') ^ B{X) is a disjoint union of Demazure 

crystals. 



5 Perfect Kirillov-Reshetikhin crystals 

From this section to the end of the article, we assume that the type of g is 
nonexceptional (i.e. one of the types An\Bn\Cn\Dn\A''2jl_i,A'^2,Dl^^-^^). 
Note that some of the statements below on Kirillov-Reshetikhin crystals may 
have not been proved or not be true for exceptional q. 
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5.1 Kirillov-Reshetikhin crystals 

For a L/q(0)-crystal B, define two maps e,(p: _B — > by 

£(6) =^£,(6)A„ (^(6) -^¥>,(6)A, for & 6 5. 

Note that wt(6) ip{h) - e{b). 

Kirillov-Reshetikhin modules W"'* (KR modules, for short) are irreducible 
finite-dimensional C/^(0)-modules parametrized by r G /q and s G Z>i (see [5] 
for the precise definition). For nonexceptional g, the following theorem is known: 

Theorem 5.1 ([HlllllS]). For each r e Iq and s e Z>i, the KR module W-" 
has a crystal basis B^'^ . 

The crystals B^''^ are called the Kirillov-Reshetikhin crystals (KR crystals, 
for short). Let C denote the set consisting of tensor products of KR crystals. 

Let i? be a regular crystal. An element b € B is called extremal if for every 
w &W and i £ I, 

e^S^{b) - if {wt{S^{b)),a]() > and /,5^(6) = if {wt{S^{b)) , a^) < 0. 

Definition 5.2 ([1 ). A finite regular (0)-crystal B is called simple if there 
exists A G such that B has a unique element whose weight is A, the weights 
of B are contained in the convex hull of WX, and the weight of each extremal 
element is in WX. 

Proposition 5.3 C^I] Proposition. 3. 8 (1)]). Every B £ C is simple. 

Since S G C is simple, B has a unique extremal element u{B) such that 
{wt {u{B)),a'^) > for all i G Iq. It is known that uiB"^'") is the unique element 
with weight swr, and we have u{Bi B2) = u{Bi) (g) u(i?2) for Bi,B2 G C. 
Every _B G C is connected by pj Lemma 1.9 and 1.10]. Then by [TD], we have 
the following: 

Lemma 5.4 ( |10l Lemma 3.3 (b)]). For B G C and every 6 G i?, we have 
B^{e^,■■■e,,{b) I fc>0,i, G/}\{0}. 
The following proposition is important: 

Proposition 5.5. Let B £ C. For every r G there exists a unique isomor- 
phism Pt-: t{B) — S> B of U'q{Q)- crystals. 

Proof. For a single KR crystal B = B^'^, t{B^'^) = B^'^ is proved in [28l 
Lemma 6.5], and this implies t{B) = B for general B £ C since t{Bi ® B2) = 
t{Bi) ®t{B2). The uniqueness of the isomorphism follows since B is connected 
and an element of B with weig ht wt(u(B)) is unique. □ 

We define an action of S on _B G C by r(6) = pT-ijib)^ for r G S. This action 
satisfies 

T o = e^(i) o T and r o = /^.(j) o r for aU i G /, (11) 
where t(0) is understood as 0. 
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Lemma 5.6. For every r G S, there exists some w S Wq such that 
t{u{B)) = S^u{B) for all B eC. 

Proof. Since t e W Wq k T{M) and T{M) acts on P^^ trivially, there exists 
w G Wq such that T|po = w|po. Then since 

wt(T(u(B))) =r(wt(u(B))) =w(wt(u(B))) = wt(S'.„it(B)) , 

t{u{B)) = Swu{B) follows by Proposition 15.31 □ 

The C/q(go)-crystal structure of a KR crystal is known by [HIT]. In particular, 
we have the following proposition (for nonexceptional g): 

Proposition 5.7. A KR crystal B'''^ is multiplicity free as a Uq{gQ)- crystal. In 
other words, any two distinct Uq{go) -components of B^''^ are not isomorphic as 
UqiQo)- crystals. 

Corollary 5.8. Let 5i, 62 £ B^''^ be two distinct Uq{Qo) -highest weight elements. 
Then we have 

^ih) ^ ipib2) ZAo. 

Proof. For j = 1, 2, let Bj C B'"''* be the ?7q(go)-component containing bj. Then 
as f/q(go)-crystals, Bj is isomorphic to the crystal basis of the integrable highest 
weight [/^(go)-niodule with highest weight J^i^ig Vi{bj)'^i- Now, the assertion 
is obvious from the above proposition. □ 

5.2 Perfect KR crystals 

For a (g)-crystal B such that wt(_B) C we define the level of B by 
lev(B) = mm(ip(b),K) = mm(e(b),K), 

beB beB 

and the subset i?inin by 

Brnin = {beB\ {^{b),K) = lev(B)} (12) 
= {beB\{e{b),K)=\ey{B)}. (13) 

Definition 5.9 ([H]). For a positive integer £, a L/^ (g)-crystal B is called a 
perfect crystal of level £ ii B satisfies the following conditions: 

(i) B is isomorphic to the crystal basis of a finite-dimensional f/^(g)-module. 

(ii) B ^ B is connected. 

(iii) There exists A G P^^ such that wt(i?) C A — J^ieio '^>o'^i ^^d there exists 
a unique element in B with weight A. 

(iv) The level of B is £. 

(v) Both the maps e and ip induce bijections between the set i?min and {Pji Y. 
The following lemma is immediate: 
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Lemma 5.10. Let _Bi,i?2 be perfect crystals. 

(i) lev(Bi ® B2) = max{lev(Bi),lev(B2)}. 

(ii) //lev(i?i) > lev(i?2), then bi®b2 £ i?i ® B2 belongs to {Bi 052)111111 if o,nd 
only if bi G (i?i)min anrf <^(&i) -£(62) G -Pel- Moreover if bi®b2 £ (Si i?2)miii, 

e(&i «) &2) = £(&i), (^(^i «) ^2) = + wt(62). 

(iii) If\ev{Bi) < \ev{B2), then 61(8)62 6 Bi®B2 belongs to (-Bi ® i32)min if and 
only if b2 £ (i?2)iiiin and e{b2) - (p{bi) € Pj^ . Moreover if bi®b2 G (Bi ® i?2)min, 

e(6i ® 62) = £(62) - wt(6i), (y9(6i ® 62) = <y5(&2)- 

The significance of the perfectness is due to the following theorem: 

Theorem 5.11 ([H]). Let B be a perfect crystal of level A G P+ a dominant 
integral weight of level (., and b the unique element of B satisfying e{b) — cl(A). 
Then for all A' G P+ such that ip(b) = cl(A'), we have 

B{K)®B ^ B(A') 

as U'q{Q)- crystals, and this isomorphism maps u\(x)b to u/^i. 

If -B is a perfect crystal of level £, then e o ip^^ induces a bijcction {PXf ^ 
(P^"]")^, which is called the associated automorphism of B. 

For i £ L, we denote by G S the unique element satisfying ^^^^^(t')^^ G 
W. Note that this definition is the same as that of Subsection 12.21 for i £ L''. 
For i G / \ are as follows: for Bn \ Dn \ ^2ri-iJ = id if i is even, and 

r' = t1 if i is odd. For ci^\ A^^j, D^^^^, t' = id for &llieL\I\ 

Theorem 5.12 (0). 

(i) The level of a KR crystal B^'^ is [s/cj.](= min{m G Z | to > s/cj.}). 

(ii) B^'^ is perfect if and only if sj Cr £li. 

(iii) The associated automorphism of B^''^''^ coincides with the action of (t^)"^ 

on {p+y. 

Proof. The assertions (i) and (ii) are just proved in J3]. The associated automor- 
phism of each B'^'^''" is explicitly described in [3], and we can check the assertion 
(iii) directly from them. We remark that the equation in [3j Subsection 4.3] for 
the associated automorphism of B"''* for Dn"^ is misprint. It should be modified 
as follows: 

n n — 2 

r ( ^ ^^k^) = £„Ao + C-iAi + ^,A„_, 

i=0 i=2 

□ 



£oA„_i + ^iA„ n even, 
£iA„_i+4A„ n odd. 



Let B — P'"''* be a (not necessarily perfect) KR crystal. B is known to have 
a unique element belonging to Pmin, which we denote by m{B), such that 

£(m(P)) = lev(P)Ao. 
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(If B is perfect, this fact follows from the definition. For non-perfect ones, see 
[211 Lemma 3.11]). Similarly, B has a unique element ■m'{B) £ i?min such that 

(p{m{B)) = lcv(B)Ao. 

If B is perfect, we have from Theorem 15. 121 (iii) that 

^(m(B)) =lev(B)A,.(o). 

The following theorem connects a perfect KR crystal with a Demazure crys- 
tal: 

Theorem 5.13 ([28l Theorem 6.1]). Let B = B""'"-' be a perfect KR crystal. 
Then the isomorphism 

B{sk^)®B ^ B{skrr(o)) 

given in Theorem \5.11\ maps the subset u^Ao ® B onto the Demazure crystal 
S*.,.„„,„^,(^Ao). 

Later we need the following lemma: 

Lemma 5.14. Let Bi,B2 be perfect KR crystals, and assume that lev(i?i) < 
lev(i?2). Ifbi®b2 € {Bii^ B2)min, then for every b'^ 6 B^ there exists a sequence 
ii, . . . , ifc of elements of L such that 

eifc • ■ • eii(6i (8) b'2) = 61 ® {ci^ ■ ■ ■ ei^b'2) 

= 61® 62- (14) 

Proof By Lemma QUI (iii), 62 e (B2)min and £(62) - <y5(&i) e Pji- Let A = 
aff(e(62)) and A' — aff(i^(62))- Then by Theorem 15. Ill there exists an isomor- 
phism 

B{A) ®B2^ B{A') 

which maps ua (X> 62 to ua'- Therefore, there exists a sequence ii,...,ik of 
elements of / such that 

Ci^--- (uA ® b'2) = UA ® {ci^ ■ ■ ■ ei^b'2) 

= UA €3 &2- 

The above equation implies that ■ ■ ■ s-iA) > "^i, (ua) — £1, (62) for each 

1 < q < fc. Then it follows for each I < q < k that 

ej,(ej,_i •••e,i&2) > £1,(62) > fi^ih), 
and hence (IT4l) holds. □ 



5.3 Isomorphism as full subgraphs of f/^(0)-crystals 

We need the following elementary lemma: 

Lemma 5.15. Let Bi, B2 be crystals, andbj G Bj (j = 1.2) arbitrary elements. 
V f ibi 7^ for i ^ I , then there exist some b^ G B2 and m £ Z>o such that 

f,{bi)®b2 = fr{hi®b'2). 
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Proof. When (pi(bi) > ei{b2), m — 1 and &2 — ^2 satisfy the assertion, and when 
^Piih) < £i{b2), m = £^(62) - <y5i(6i) + 2 and b'^ = e™~^62 satisfy it. □ 

Proposition 5.16. Let Bj ~ Q'^j^'^^j^i jgr 1 < j < p be perfect KR crystals, 
and assume that si < S2 < ■ ■ ■ < Sp. We put fij — Cj.^. (tUr^ ) for 1 < j < p, 
and B = Bp ® ■ ■ ■ ® B2 ® Bi. Then there exists an isomorphism 

of full subgraphs of U'q{Q)- crystals. 

Proof. We show the assertion by the induction on p. If p = 1, then the as- 
sertion fohows from Theorem 15.131 Assume p > 1. We put t — t'^p and 
^ = ^crpWo{rurp){T'^'')~'^ ^ W. Siuce u^^Ao ® -Bp -4 Fnl{us^^^^„^), we have 

MspAo ® -Bp (g) • • • (K) Bi ^ -7^i«('"spA^(o)) (g) -Bp_i (g) • • • -Bi, 

and we have from Lemma 15.151 that 

J^w{uspA^fo)) ^ Bp^i (g) • • • g) Bi = Fw{uspK^^o) ® Bp-i "X) • • • gi Bi). 
Since we have from Proposition 15.51 that 

WspA,(o) ® -Bp-1 ® • • • fg-Bi = T (u^pAo 8) -Bp_i (g • • • g) Bi) 

= f (u(^p_5p_i)Ao (Usp_iAo 8) -Bp^^i g) • • • g) -Bi)) , 

the induction hypothesis implies the assertion. □ 

Remark 5.17. (i) Put B^^^ = Bp-i®- ■ ■®B2®Bi. We see from the construc- 
tion of the isomorphism Vl/ b that the fohowing diagram of set maps commutes 
(where we set r — t^p): 



Wsp_iAo <^ -Bp_i g) • • 

UspAo ® rn{Bp) ® -Bp^i 

UspAo ® -Bp g) -Bp_i g) 



• • ® -Si t(u(,^_,^_^)a„ g) (•••)) 



where the isomorphisms ip and are defined by 

'y3(wsp_iAo 8) fe) = UspAo '8' m{Bp) g) r(&) for & G -B^"^ 

and 

= t{U{s^-s^^i)Ao «> for 6 e J"f^^_^ (w(5p_i-Sp_2)Ao ® • • • ) 

respectively. 

(ii) By Proposition l4.4l and Theorem 14. 71 the right hand side of the isomorphism 
is isomorphic as full subgraphs to a disjoint union of Demazure crystals. 

(iii) The right hand side of also appeared in [30] as the crystal basis of a 
generalized Demazure module. 
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Note that the right hand side of 'i's is a subset of a tensor product of 
the crystal bases of C/q(g)-niodules. Hence each element b of this set has a 
natural Z-grading defined by (wt(&),d). The goal of this article is to show, 
under the isomorhpism 5' b , the minus of this natural grading coincides up to a 
shift with the grading on the left hand side given by the energy function, which 
is introduced in the next section. 

6 Energy function 

Similarly as , the following proposition is proved from the existence of the 
universal i?-matrix and Theorem 15. II 

Proposition 6.1. Let Bi, B2 G C. 

(i) There exists a unique isomorphism a = (JBi.B2- Bi ® B2 ^ B2 ® Bi of 
U^{q)- crystals called the combinatorial R-matrix. 

(ii) There exists a unique map H = Hbi,B2 '■ Bi ® B2 ^ called the local 
energy function such that H(u{Bi ® B2)) = 0, H is constant on each Uq{Qo)- 
component, and for bi ® b2 & Bi ® B2 mapped to 62 (8> 61 £ B2 ® Bi under a , 
we have 

H{eo{bi(E)b2)) 

{Hipi (g) 62) + 1 if eo{bi (g) 62) = eofei (g) 62, 60(62 ® ^i) = 6062 <^bi, 

i?(6i ® 62) - 1 «/eo(6i 62) = 61 (g) 60^2, 60(62 ® 61) = 62 g) eo^i, 

H{bi (E) 62) otherwise. 

For Bi,B2 e C, we have a(u{Bi) u{B2)) = u{B2) ® u{Bi) by the weight 
consideration. Recall that for every t G S, there exists some w G Wq such that 
t{u{Bi) (g) u{B2)) ~ Sw{u[Bi) ® u{B2)) by Lemma Hence we have 

a ot{u{Bi) ®u{B2)) = a o Syj{u{Bi) ® u{B2)) 
= S^,{u{B2)<E>u{Bi)) = t{u{B2) <E> u{Bi)), 

which together with (jlip implies that a commutes with the action of r. 

The following lemma is a consequence of the definition of the local energy 
function: 

Lemma 6.2. Let Si, i?2 G C, bj € Bj for j = 1,2 such that cr (61 (8)62) = 62 Cg)6i, 
and ji , . . . , ji an arbitrary sequence of elements of I satisfying Cjg ■ ■ ■ Cj^ (61 (g) 
62) ^ 0. // 

^ji ■ • ■ 6ii(6i (g 62) = ejj_^ ■ • • Ci'bi g) 6^^ ■ • • ei^b2 and 
■ ■ ■ eji (^2 g) 61 ) = ej_^ • • • ej^ 62 ® 6 _^ • • • e 61 

where 

= {«i,---,«/c}U{ii,...,4_fc} = {ii,---,«m}LJ{ii,...,i^_^} 

as multisets, then we have 

H{eji ■ ■ ■ 6j, (61 (g 62)) - H{bi g) 62) 

= #{1 < g < m I = 0} - #{1 < g < fc I = 0}. 
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For B C, the energy function D = Db : i? — i- Z is defined as follows: 

(i) If B is a single KR crystal, then define 

Deih) = HBM{m{B)®b) - HB,B{m\B)®u{B)). 

(ii) If Bi, B2 e C and B = Bi®B2, then define 

DB{hi®b2) = DB^bi) + DB^ih) + HB,,B2ibi <E> b2), 
where aB^.Biibi ® ^2) = 62 ® 

Note that 15s is constant on each [/^(go)-component of B by definition. 
Proposition 6.3 ([2I])- (i) For Bi,B2,B^ eC, we have 

Hence for every B E C, the function Db is well-defined. 

(ii) Let B ^ Bi iSi ■ ■ ■ ® Bp e C . For 61 (g) • • • (g) 6p G i? and I < i < j < p, define 
^ e B, by 

Bi(E)---(g) Bj^i ® Bj ^ Bj ® Bi® ■ ■ ■ ® Bj^i 
bi®---® bj-i ® bj ^ b^j^ ®bi • • • ®bj-i. 

Then we have 

DB{b^®---®bp)^ ^B,{b^^)+ E + 

l<j<p l<j<k<p 

Lemma 6.4. Let B E C and £ = lev(i?). If b E B satisfies eo(&) > £, then we 
have 

D{eob) = D{b) - 1. 

Proof. We show the assertion by the induction on the number p of tensor factors 
of B. The case p = 1 follows since 

i:>(eo6) = H{m'{B) ® e^b) = H{m'{B) ®b)-l = D{b) - 1. 

Assume p > 1, and write B = Bi ® B2, b = bi ® b2 with bj G Bj. Note that we 
havelev(i3i) < £andlev(_B2) < £. Let 62861 = a{bi®b2). Then we can show the 
assertion by computing case by case. For example, assume 60(61(8)62) = 6961(8)62 
and 60(62 <8> 61) — 6062 ® 61. Then we have £0(^1) = £0(^1 g) ''2) > £ and 
£0(^2) = £0(^2 ® bi) > which imply from the induction hypothesis that 

^(eo6) = i?(eo6i) + ^^(6062) + -ff (eo(6i ® 62)) 

= {D{bi) - 1) + {D{b2) - 1) + (i/(6i ® 62) + 1) 
= D{b) - 1. 

The other cases are proved similarly. □ 
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7 Main theorem 



7.1 Statement and corollaries 

Now, we state the main theorem of this article. This theorem is a generaUzation 
of |28l Theorem 7.4], in which si = S2 = ■•■ = Sp is assumed. 

Theorem 7.1. Let Bj = ^''^''j'^' for 1 < j < p be perfect KR crystals, and 
assume that si < S2 < • ■ • < Sp. We put Hj — Cr^woC^rj) for I < j < p, and 
B = Bp ^ ■ ■ ■ B2 ^ Bi. Then there exists an isomorphism 

of full subgraphs of U'q{Q)- crystals satisfying 

D{b) = -{wt^B{us^Ko®b),d) + C (15) 

for every b ^ B, where C G iV^^Z is some global constant. 

Recall that, as stated in Remark 15.171 (ii), the right hand side of 5'^ is 
isomorphic as full subgraphs to a disjoint union of Demazure crystals. Hence 
we can see inductively using Corollary 14.61 that the following equation holds: 

Corollary 7.2. Under the notation and the assumptions of Theorem \7.1\ we 
have 



gSpAo+C<5 gaffowt(b)-5D(6) 



fees 

= A,, . . . A., (e(^--^^)^" • A,, (e^^'^")) ■ • • ) . 

Let Pq C denote the set of dominant integral weights of go. (Recall that 
we identify the weight lattice of go with P^^.) As [BJ[S], the one- dimensional 
configuration sum X{B, ii,q) E 7L\q.q^^\ for /i G P^ is defined by 



D(6) 



X(B,ix,q)^ J2 Q 

beB 
eib=0 (ie/o) 
wt(b)— /i 

Let chVgg{fj.) denote the character of the irreducible go-module with highest 
weight jj,. Since 

^^^Wgwtw^ J2 X{B,f,,q)chVM 
holds, we have the following corollary: 

Corollary 7.3. Under the notation and the assumptions of Theorem \7.1\ we 
have 

J2X{B,ti,q)chVM 

= e-^'p^^Dt^^ |^g(sp-sp-i)Ao . . . |^e(s2-si)Ao . jj^^^ (e^i'^o)^ . . 

where we set q = and consider chV^g {11) as an element o/C[P] via the map 
aff : Pel P- 
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Remark 7.4. Let 77 be a permutation of the set {l,...,p}, and put i?,, = 
Br^{i) ® ■ ■ ■ ® B^^^pY Then we have from [571 Lemma 2.15] that 

Db^ (ct,, (6)) = Db (b) for every be B, 

where cr,, : B ^ is the unique isomorphism. In particular, we have 

XiB,^l,q)=X{B^,^i,q). 

Hence, the above theorem and corollaries with replaced B by (and the right 
hand sides unchanged) also hold for every 77. 

7.2 Proof of the main theorem 

In order to show the main theorem, it remains to show that the isomorphism 
constructed in Proposition 15. 161 satisfies dT5|) . 
To show this, we prepare several lemmas. 

Lemma 7.5. Let -81,-62 G C and r e S. For 61 (8) 62 £ -Bi (=3 B2 mapped to 
&2 ® ^1 G -B2 ® Bi under a, we have 

H{bi ® 62) - H{T{bi ® 62)) = (wt(62) - wt(62), n7^-i(o))- (16) 

Proof. Although the proof is carried out in an almost same way as that of [211 
Lemma 8.2], we give it for the reader's convenience. 

The case r = id is trivial. Hence we assume otherwise, and put t — r^^(O) G 
P \ {0}. If bi = u{Bi) and ^2 — u{B2), we have from Lemma that 

H{t{u{Bi) ® u{B2))) = H{u{Bi) ® u{B2)) - 0, 

and hence the left hand side of (fTH| is 0. On the other hand, since (t(u{Bi) (g) 
u{B2)) — u{B2) <E) u{Bi) the right hand side is also 0, and the assertion follows 
in this case. Therefore by Lemma 15.41 it suffices to show for each i € I that if 
([TBI) holds and 6^(61 ® 62) ^ 0, then with replaced 61 ® 62 by 6^(61 ® 62) 
also holds. If z ^ 0, i, it is easy to see that the both sides of ([TSl) do not change 
when hi ® 62 is replaced by ei{bi ® 62)- Assume that z = 0. Since i 7^ 0, we have 

(i7(eo(6i ® b2)) - H{t o eo(6i ® 62))) - ® 62) - i?(r(6i ® fes))) 

= (i/ (eo(6i ® 62)) - i?(foi ^2)) - [H{et o r(6i ® 62)) - (t(6i ® 62))) 

{1 if eo{bi (g) 62) = eobi (g) 62, 60(62 ® 61) = eob2 g) 61, 
-1 if eo(fei ® 62) = 61 ® 6962, 60(62 ® 61) = 62 8) eo6i, (17) 
otherwise. 

On the other hand, putting eo(6i <g) 62) — b[ g) b'^ and 69(62 <8) 61) = 63 (81 61, we 
easily check from ^ that 

(wt(62) - wt(62), njj"^) - (wt(62) - wt(52), ro^^) 

is equal to fTTl) . which implies the assertion for i = 0. The case z = t is 
similar. □ 
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For B £ C and s £ Z>o, we define a subset hw^^*(_B) C B by 

hwY^{B) = {b £ B \ b is J7g(go)-highest weight, eo{b) < s}. 

Lemma 7.6. Let Bj — B^'''^''j^^ {j = 1,2) be two perfect KR crystals, and 
assume Si > S2- For every 62 G '^^fg^ {B2), we have 

CTBi,i32 {m{Bi) ® t'^ (62)) =b2®bi 

for some bi £ Bi. 

Proof. Put T = T^^ . Since 

ip{m{Bi)) = siA^(o) and e{T{b2)) = eo(&2)A^(o), 

we have from Lemma [5.101 (ii) that m{Bi) r(62) G {Bi B2)min, £{iti{Bi) (g) 
^(^2)) = siAo, and 

ip{m{Bi) <g) r(62)) = (si - eo(fe2))Ar(o) + t('/'(&2)). 

Put A = (si - £0(^2)) A^(o) + r(v9(62)), and let b'^ ^b[ = cr(m(Bi) (g) t(62)). 
Since 62 ® ^ (-^2 ® ^i)min, we have from Lemma [5. 101 fiii) that b[ £ (-Bi)inin 
and f{b[) = (^(63 b[) = A. Hence from Theorem 15. 121 (iii). we have 

e{b[) = r-i(A) = (si - eo(62))Ao + (^(62). (18) 

By Lemma 15.101 (iii) , it follows that 

^(5^) = wt(6^) + eib'^) - eib[) + e{b'^) - e{b[ ® b'^). 

Then since 63 is C^g(0o)-highest weight and e{b'2®bi) = e{m{Bi)®T{b2)) = siAq, 
we have from (fT8)) that 

(^(6^) G(^(52)+ZAo, 
which implies 62 = b'2 by Corollary 15.81 □ 

Lemma 7.7. Let i?j = ^''j^'^'-j^j = 1^2) &e two perfect KR crystals, and 
assume si > S2. Then there exists some global constant C such that 

H{m{Bi)®T{b2)) = -(wt(62),<-i(o)) + C 
for every 62 £ hwj^'*^ (^2), where we put t — t"^^ . 

Proof. Although the proof of this lemma is basically the same as that of [251 
Lemma 4.7], we include it for the reader's convenience. 
It sufBces to show for 62, ^2 G ^^^^^^ {B2) that 

H{m{Bi)®T{bl)) - H{m{Bi)®T{b2)) -= -(wt(6^) - wt(62), tJ7^-i(o)). 
By Lemma 17.61 we have 

a{m{Bi) ® T{b2)) = 62 «) 61, cr(m(Bi) ® T{b\)) =b\®b\ 
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for some bi,b\ G Bi. By Lemma [5.4[ there exists a sequence ii, . . . ,ik of ele- 
ments of / such that 

We choose such a sequence so that k is minimal. Then there exists a sequence 
ji, . . . ,je G / such that 



ejf • • -6^1(62 ® &i) = Gij^ • • •eii&2 ® eij_^ • ■ ■ e^'^h 
= 4 ® • • • d'^bi. 



Since fej'X'&i G (B2 C>5i3i)miii, by Lemma [5 .141 we may assume e^^ ^ • • ■ Ci'^^i = 6|. 
Then we have 

Cj, ■ ■ ■ ej, (m(Bi) (g) t(&2)) = m(Bi) (g) t(6J). 
The two sequences ii, . . . , im and i'l, . . . , of elements of / are defined by 
ejt ■ ■ ■ eji {m{Bi) (g> t(62)) = e^,_^ • • • e^, to(Bi) e^^ • • • e^^r(62) 

= m{Bi) (8)t(4) 

Since 

we have e^_i(j^-) ••• 1(^^)62 = 631 which implies 

l<q<m l<q<k 

by the minimality of fc. 

By repeating the above procedure interchanging the roles of 62 and we 
obtain sequences of elements of / satisfying the following: 

ej-;. ■ • • ej* (4 » 4) = e^.^ • • • e.,-bl (g e,'j,_^, • • • ei'^*b{ 
= 62 ® 61, 

ej-;. • • • ej- (m(Bi) ® t(5J)) = e,v*._^^ • • • e^|.m(Bi) ® e-^^ • • • e-.r(6^) 

= to(Bi) g)r(62), 
E E "■^•eZ>o<5. (20) 

l<q<m* l<i?<fe* 

By Lemma 16.21 we have 

= {H{m{Bi) (g) r(4)) - H{m{Bi) ® r(62))) 

+ [H{m{Bi) ® T{b2)) - H{m{Bi) (g) r(6^))' 
= (#{1 < 9 < A: I = 0} - #{1 < g < m I = 0}^ 

+ (#{1 < g < fc* = 0} - #{1 < 9 < m* I = 0} ; 
= (#{1 < 9 < fc = 0} + #{1 < -7 < fc* - 0}) 

- (#{1 < g < m I = 0} + #{1 < g < m* I z; = 0}^ 
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Since uq = a^-i(o) by Q, this equation together with and (1^0)) imphes that 

k — m, k* = m* , 

{t"^(zi), . . . ,t"^(z„i)} = and 
{r-i(zI),...,r-i(CO} = K,---,*M 
as multisets. Hence we have 

H{m{Bi) ® r(4)) - H{m{Bi) ® rih^)) 
=#{1 < 9 < A: I = 0} - #{1 < g < m I 2, = 0} 
=#{1 < 9 < A: I = 0} - #{1 < <7 < fc I - r-i(O)} 
= - (wt(4) - wt(62),tn^-i(o)>, 
and the assertion is proved. □ 
The following lemma is crucial for the proof of our theorem: 

Lemma 7.8. LeA Bj = B'^^^'^^'j''^ [Q < j < p) be perfect KR crystals, and put 
B = Bi ® B2 ® ■ ■ ■ ® Bp. We assume that sq > Sj for every 1 < j < p. Then 
there exists some global constant C such that 

D{m{Bo) ® Tib)) = D{b) - (wt(6), + C 

for every b € hw^*"(_B), where we put t — . 

Proof Let 6 = 5i (g) • • • (g) 6p e hw|''" (B), and define 6^*^ e Bj for 1 < i < j < p 
as Proposition 16.31 (ii). Note that, since the combinatorial i?-matrix and the 
action of t commute, the first tensor factor of the image of T{bi ®} - ■ - ^bj) under 
the isomorphism 



B,®---® Bj^i (g) Bj ^ Bj (g) Bi (g) ■ ■ ■ ig) Bj^i 
3 

have for each 1 < j < p that 



is r(6j'''). Since b G hw^^''"(i3) implies 6^-^' G hwf^^" (Bj) for each 1 < j < p, we 



aBo.B,{m{Bo)®Tibf^)) ^b^'^ g^b^ 



for some b^ G Bq by Lemma [7.61 Hence by Proposition 16.31 (ii), we have 

D{m{Bo)®T{b)) = D{jn{Bo)) + ^ D^bf^) + ^ H {m{Bo) ® T{bf^)) 

i<j<p i<j<p 

+ Yl H{T{b,)gT{b^i+'^)). (21) 

l<j<k<p 

For each 1 < j < p we have by Lemma 17.71 that 



H{miBo) ® r{b\'>))) = -(wt(6y0, <-i(o)) + Q 
'j independent of 6^^ 



for some constant Cj independent of b'^^\ and for each 1 < j < k < p we have 



by Lemma 17.51 that 

1(0)/ 



H{r(b,) ® r(6i^"+i))) = H{b, <g b\^+''>) {wt(b^^+'^) - wt(6^")), 



22 



Hence, we have with some global constant C that 

l<j<p i<j<k<p i<j<P 

- E (wt(6i^'+^))-wt(6i^'^),tn^.(o))+C 

l<j<k<p 

^D{b)- J2 (wt(6fc),t^^i(o))+^^ 
i<fe<p 

= Z?(6)-(wt(6), +C. 
Hence, the assertion follows. □ 
Now, we give the proof of our main theorem: 

Proof of Theorem \7.1\ It remains to verify that in Proposition 15 . 16l satisfies 
(fT5| for every b ^ B. First, we show the following claim. 

claim. If every element b G hw^^''(i3) satisfies p^ . then all the elements 
of B satisfy 

Let 6 G i3 be an arbitrary element. Since Us^Ao ^ B is isomorphic to a dis- 
joint union of Demazure crystals (see Remark 15.171 fii)). there exists a sequence 
il, . . . ,jfc of elements of / such that the element e^^ • • • ei-^{us^Ao (E> b) ^ is 
[/g(g) -highest weight. We show the claim by the indention on k. If fc = 0, then 

f^spAo ^ b itself is J7g(0)-highest weight, which is equivalent to 6 £ hw]^ ""{B)- 
Hence there is nothing to prove. Assume fc > 0, and set b' — ei^{b). Then (fTS)) 
with replaced b by b' holds by the induction hypothesis. Note that if ii = 0, 
then eo(&) > Sp since eo(us Aq (g) 6) = Us Aq ® ^ob- Hence we have from Lemma 
mi that 

Dib) = D{b')+5o,, = -{wt^Bius^Ao®b'),d)+6o,, +C 
= - (wt *s ("sp Ao ^b),d) + Soi, + C 
= - (wt *i3(uspAo ® 6), d) -t- C, 

and the claim is proved. 

In particular, since the set hw^^**^ (^i) contains only a single element m(i?i), 
the assertion of the theorem for p = 1 follows from the claim. Assume p > 1, 
and we show the assertion of the theorem by the induction on p. Put B^^^ = 
Bp-i ^ ■ ■ ■ Bi and r = t^^ . Let b £ bwjj^ ""(B) be an arbitrary element, and 

write b^bp® b^-^ e Bp ® B^-^. Since lev(Bp) > lev(BP-i), b e hw|"''(B) 
implies by Lemma 15.101 (ii) that 

bp e hw|;-(Bp) and e{bP-') G ip{bp) - P+. 
Then since lev(i?p) = Sp, these are equivalent to 

bp = m{Bp) and £(6^^^) G SpA^(o) - Pj;. 
Hence if we put b' = r^^(6^'~^), we have 

b = m{Bp) ® T{b') with b' G Imf'^iBP-^). 
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Note that we have from Remark 15.171 (i) that 

*b(wspAo «) m(Sp) (g) r(6')) = T^(u(sp-sp_i)Ao *bp-i Kp-iAo 

Put t = T^^(O). Since ^^p-i is a C^q(fl)-crystal isomorphism, we have from the 
induction hypothesis that 

wt *i3(Ms,Ao ^ m{Bp) «) r(&')) = ^(afr o wt(6') + SpAo - - C')5^ 

= aff o wt(r(fe')) + SpA^(o) - (^(^O - (wt(&'), ^^^t) - C')S 
= aff o wt(r(6')) + SpA^(o) - - (wt(6'), ctj*'') - C')S 

for some global constant C", where the second equality follows since r = (t*)^^ = 
u^r^^-rot by Lemma UTT] (iii), and the third one follows from On the other 
hand, we have from Lemma 17.81 that 

D{m{Bp) ® T{b')) = D{b') ~ {wt{b'), m'^) + C" 

for some global constant C" . Hence the equation (fT5|) holds for every b G 
hwj^ ''{B), and the theorem is proved from the claim. □ 
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